MATH 221 - FALL 2026

Midterm 1 Study Guide

SOLUTIONS

ABOUT THE EXAM

Midterm 1 is on Friday, September 25th in class. You will have 50 minutes. No calculators,
notes, phones, or other aids are allowed, so practice doing the arithmetic by hand. The exam
has 7 problems worth 100 points, plus an optional extra credit problem. Show your work on
every problem. The exam covers everything we have done so far, which corresponds to Sections
1.1 through 2.4 of the textbook.

WHAT YOU NEED TO KNOW

. Many ways to say the same thing. (1.1, 2.3) Translate freely between a system of
linear equations, its augmented matrix, a vector equation xjv1 + - - - + x,U, = b, @ matrix
equation Ax = b, and the question of whether b is in Span{vy, ..., v,}. Know what A, x,
and b are in each case, and know how to go in every direction.

. Row reduction. (1.2) The three row operations: swap two rows, scale a row by a nonzero
number, add a multiple of one row to another. Row echelon form and reduced row echelon
form, pivots, pivot columns, and free variables. Be able to row reduce a 3 x 5 augmented
matrix by hand without errors.

. Counting solutions. (1.2) A system has no solutions exactly when its echelon form has
arow [0---0 | c] with ¢ # 0. A consistent system has exactly one solution when every
variable is a pivot variable, and infinitely many when there is at least one free variable.
You can read all of this off an echelon form, so you do not need to go all the way to
reduced row echelon form to count solutions.

. The general solution. (1.3) Starting from reduced row echelon form, set each free
variable equal to a parameter and solve for the pivot variables to write down every
solution at once.

. Vectors and their geometry. (2.1) Vector addition (tip to tail), scalar multiplication
(stretching, shrinking, reversing), subtraction, and linear combinations, all of which you
should be able to draw.

. Span. (2.2) The definition Span{vy,...,vk} := {civ1 + -+ - + cxvk : ¢; € R}. To decide
whether b is in the span, row reduce the augmented matrix [v; --- vg | b]. The number
of ways to write b as a linear combination of the v; is the number of solutions of that
system.


https://tghyde.github.io/ila/
https://tghyde.github.io/ila/systems-of-eqns.html
https://tghyde.github.io/ila/matrix-equations.html
https://tghyde.github.io/ila/row-reduction.html
https://tghyde.github.io/ila/row-reduction.html
https://tghyde.github.io/ila/parametric-form.html
https://tghyde.github.io/ila/vectors.html
https://tghyde.github.io/ila/spans.html

WHAT YOU NEED TO KNOW (CONTINUED)

7. Homogeneous systems. (2.4) A system Ax = 0 always has the solution x = 0. Its solution
set is a span, so any linear combination of solutions is again a solution. Know how to find
the solution set of Ax = 0 and write it as a span.

8. Matrix multiplication. (2.3) When AB is defined and what size it is. The entry of AB
in row i and column j is row i of A times column j of B. The vector Ax is the linear
combination of the columns of A with coefficients from x.

PRACTICE PROBLEMS

The problems below are similar in style to the problems on the exam. Work them by hand
under exam conditions, then check your row reductions with the Row Reducer. The problem
sets are also good practice.

PROBLEM 1

Consider the system of linear equations

X1—2X2 +x3=5
3x1 +x9 =-1
—X1+4X3 =2.

Do not solve the system.

1. Write the augmented matrix of the system.

SOLUTION
1 -2 1| 5
3 1 0]-1 O
-1 0 4| 2

2. Write the system as a vector equation.

SOLUTION


https://tghyde.github.io/ila/solution-sets.html
https://tghyde.github.io/ila/matrix-equations.html
https://tghyde.github.io/rowreducer/

SOLUTION (CONTINUED)

1 -2 1 5
X1 3 + X2 1 + X3 0| =1|-1{. O
-1 0 4 2

3. Write the system as a matrix equation Ax = b. Say explicitly what A, x, and b are

SOLUTION

The equation is Ax = b with

1 -2 1 X1 5
A=1| 3 1 0}, x = |xaf, b=(-1 O
-1 0 4 X3 2

4. Rewrite the question “Does this system have a solution?” as a question about whether one
vector is in the span of some other vectors.

SOLUTION

The system has a solution if and only if

5 1 -2 1
—1| € Span 3, [ 1{, |O m]
2 -1 0 4

5. Now go the other way. Write the question “Is (2,-1,3) in Span{(1,0,2),(3,1,-1)}?” as a
system of linear equations, and write down its augmented matrix.

SOLUTION

The vector (2, -1, 3) is in the span exactly when the vector equation

1 3 2
X1 0 + X2 1{=1|-1
2 -1 3

has a solution. Reading off the coordinates, this is the system

X1+ 3xg =2
xg =—1

2x1 —x9 =3,



SOLUTION (CONTINUED)

with augmented matrix

1 3| 2
o 1]|-1}f. O
2 -1| 3

PROBLEM 2

Each of the following augmented matrices is in row echelon form. For each one, decide whether the
corresponding system has no solutions, one solution, or infinitely many solutions. If the system is
consistent, say which variables are free.

21 -11(3
1. |0 1 4| 0| For this one, also find the solution.
0 0 2|6
SOLUTION

One solution. Every column on the left has a pivot, so there are no free variables, and
there is no row of the form [0 0 0 | ¢ ] with ¢ # 0. To find the solution we work from the
bottom up. The last row says 2x3 = 6, so x3 = 3. The middle row says x3 + 4x3 = 0, so
xg = —12. The top row says 2x1 +xz —x3 = 3,50 2x;1 =3 + 12 + 3 =18 and x; = 9. The
solution is (x1,x2,x3) = (9, -12, 3). m|

N
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SOLUTION

Infinitely many solutions. The system is consistent since the only zero row has a zero
on the right. The pivots are in columns 1 and 3, so x; and x4 are free. ]

w
o or
o w
e N

SOLUTION

No solutions. The last row is the equation Ox; + Oxy = 1, which is never true. Note that
there are more equations than unknowns here, and that alone does not tell you anything:



SOLUTION (CONTINUED)

the system in part (a) also has three equations, and it has a solution. m|

12 -1]0
4 [o 0 oo}
SOLUTION

Infinitely many solutions. The system is consistent, and the only pivot is in column 1,
so xo and x3 are free. This is the single equation x; + 2x3 — x3 = 0, whose solutions form
a plane. m]

PROBLEM 3

Let
2 0 -1 3 (1) _?
A=|1 4 2 =2}, B = 3 4|
0 -3 1 5 20

1. What size is AB? Is BA defined?

SOLUTION

Ais3x4 and Bis4x2, so AB is 3x 2. The product BA would need the number of columns
of B (which is 2) to equal the number of rows of A (which is 3), so BA is not defined. O

2. Compute the entry in the 2nd row and 2nd column of AB.

SOLUTION
This entry is the 2nd row of A times the 2nd column of B:

M)+ @ED+(2)(4) +(-2)(0)=2-4+8+0=6. O

3. Compute the entry in the 3rd row and 1st column of AB.

SOLUTION
This entry is the 3rd row of A times the 1st column of B:

(0)(1) + (-3)(0) + (1)(3) + (5)(-2) =0+0+3-10=-7. o



4. Compute the whole matrix AB.

SOLUTION
Computing each of the six entries as a row of A times a column of B gives
-7 0

11 6f.
-7 7

AB =

For example, the entry in the 1st row and 1st column is (2)(1)+(0)(0)+(=1)(3)+(3)(-2) =
2-3-6=-7. O

PROBLEM 4

Let
A2 s_[2 0 [ 2
3 -1)° o S | R R

1. Compute AB and BA. Are they equal?

SOLUTION
AT e [ (D(2)+2)(1) (1)) +(2)(-1) ] _ [4 —2]
3)2)+ (=DM O)+(=D(=D| [5 1}’
A= [ (2) (1) +(0)(3)  (2)(2) +(0)(-1) ] _ [ 2 4]
M@ +DHE) DHER)+EDED] (-2 3]

They are not equal. The order of multiplication matters for matrices, even when both
products are defined and have the same size. ]

2. Compute Ax, and then write Ax as a linear combination of the columns of A.

SOLUTION

Ax =

(D(2) +(2)(-1) ] _ [0]
(3)(2) + (-1)(-1) 7|
The entries of x are the coefficients of the columns of A:

1 2 0
wemafl]-1[ 2] ;




3. Find all vectors y with Ay = [g}

SOLUTION
Writing y = (y1, y2), the matrix equation Ay = (4, 5) is the system

yi+2y;=4
3y1—y2 =5.

We row reduce the augmented matrix.

[1 24];@%2_3&[1 2 | 4
7

3 -1 5 o -7
RZ_‘_%RZ 1 2 4 R1—R1-2Ry 1 0 2
0 1 1 0 1 1

There is exactly one solution, y = (2,1). As a check, Ay =2(1,3) +1(2,-1) =(4,5). O

PROBLEM 5

The vectors v and w are drawn on each grid below. On each grid, draw the requested vector as an
arrow starting at the origin.

1. v+w

SOLUTION

Reading off the grid, v = (2,1) and w = (-1, 2), so v + w = (1, 3). Slide w so that its tail
sits at the tip of v; the sum goes from the origin to the tip of the moved copy.

A

Y

2. 2v—w



SOLUTION

We have 2v —w = (4,2) — (-1,2) = (5,0). Stretch v to twice its length, then add —w,

which points opposite to w.

/4
Y

O
3. 2w—-v
SOLUTION
We have 2w —v = (-2,4) - (2,1) = (-4, 3).
\
2w
X
2w—vk N
v
O

4. Describe Span{v, w} geometrically.

SOLUTION

Since v and w are not parallel, their linear combinations fill up the whole plane:
Span{v,w} = R?. One way to see this is that the system xjv + xow = b, whose aug-
mented matrix is [v w | b ], has a pivot in each of the two columns on the left no matter

what b is, so it always has a solution.

O



PROBLEM 6

In each part, how many ways are there to write b as a linear combination of vy, vy, v3: none, one,
or infinitely many? Justify your answer. If b is in Span{v1, vs, v3}, also write it explicitly as a linear

combination.

1 2 0 3
1.vi=| 2|, wva=]| 5, wvs=(-1|, b=|8
-1 -1 1 3
SOLUTION
We row reduce the augmented matrix [v] va v3 | b].
1 2 0 3 o RL_oR 1 2 0 3
2 5 -1 |8 |27/ 1 -1 |2
-1 -1 1 3 -1 -1 1 3
2 0 3 1 2 0 3

R3—R3+R1 R3—R3-R2
_— 2 _— 0 1 -1 2

O 0 2| 4

—_
|

[REy—

(@)

0

This is in echelon form with a pivot in each of the three columns on the left and no
inconsistent row, so there is exactly one way. Solving from the bottom up, x3 = 2, then
xg =2+ x3 =4, then x; = 3 — 2x5 = -5. So

b = -5v7 + 4vy + 2vus.

You can check this directly: —5(1,2,-1) +4(2,5,-1) + 2(0,-1,1) = (3,8, 3). O
1 1 2 0
2. v1=|-1|, wva=1|1|, wv3=1|-1|, b=|1
2 0 3 2
SOLUTION
We row reduce the augmented matrix [v] vo v3 | b].
1 1 2o [ 1 1 2
Ro—Ro+Rq
-1 1 -1 1 s 0 2 1 1
2 0 3 2 I 2 0 3
1 1 2|0 ] 1 1 210
R3—R3-2R; 0 9 1 1 R3—R3+R3 0 2 1 1
0o -2 -1 2 ] 0 0 0 3

The last row says 0 = 3, so the system is inconsistent and there are no ways to write b as
a linear combination of v1, vz, v3. In other words, b is not in Span{vi, va, v3}. O



PROBLEM 7

Find the general solution of the vector equation

0 3 -3 0 3
x1 (1 +x91]0 + X3 2 + X4 1| =11].
2 1 3 -1 9

SOLUTION

The augmented matrix has the four vectors on the left as its columns and the vector on the
right as its augmented column. We row reduce.

0 3 -3 0 3 RoR 1 0 2 1 1
1 0 2 11|30 3 -3 o0
2 1 3 -1 9 2 1 3 -1 9
0 2 1 1 1 0 2 1 1
R3—R3-2R; Ra— 3Ry
—_- 3 -3 0 _— 0 1 -1 1
0 1 -1 -3 7 0 1 -1 -3 7
1 2 1 1 q 1 0 2 1 1
R3—R3-R3 R3——-3R3
- 5 1 -1 0 1 _— 0 1 -1 1
0 0 -3 6 0 0 0 1 [-2
1 0 2 0 3
R1—R1—-R3
5 1 -1 0 1
0 0 0 1 |-2

The matrix is now in reduced row echelon form with pivots in columns 1, 2, and 4, so x3 is the
only free variable. Setting x3 = t, the three rows say x; + 2t =3, x —t = 1, and x4 = —2. The
general solution is therefore

(Xl,xz, X3, x4) = (3 - Zt: 1+ t, t, _2) a

PROBLEM 8

1. Let
A=

1 -1 2 0
2 -2 3 1}|°

Find all solutions of the homogeneous equation Ax = 0, and write the solution set as a span.

SOLUTION

We row reduce the coefficient matrix. There is no need to carry along an augmented
column of zeros, since row operations never change it.



SOLUTION (CONTINUED)

0 0 1 -1

The pivots are in columns 1 and 3, so x; = s and x4 = t are free, and the rows say
x1 =s — 2t and x3 = t. The general solution is

(x1,x2,x3,x4) =(s=2t, s, t, t) =s(1,1,0,0) +t(-2,0,1,1),

so the solution set is Span{(1, 1,0,0), (-2,0,1,1)}. O

2. Let B be a matrix for which the vectors
1 2
10 |1
p - 2 > q - O
-1 3

are both solutions of the homogeneous equation Bx = 0. Find a solution of Bx = 0 with x; =4
and x3 = 4.

SOLUTION

The solution set of a homogeneous system is a span, so every linear combination sp + tq
is a solution. The first and third coordinates of sp + tq are s + 2t and 2s, so we need

s+2t=4
2s = 4.

The second equation gives s = 2, and then the first gives t = 1. The solution is

3. Explain why the solution set of the equation x; + x2 = 1 is not a span.

SOLUTION
Every span contains the zero vector, since 0 = 0-vy + --- + 0 - v,. But (0,0) does not



SOLUTION (CONTINUED)

satisfy x; + xo = 1, so the solution set is not a span. Geometrically, the solution set is
a line that does not pass through the origin, while any span in R? is the origin, a line

through the origin, or the whole plane. O

PROBLEM 9

Let
1 2 3
v1=| 2/, vy = |3, b=14],
-1 1 h

where h is an unknown number.

1. For which values of h is b in Span{vy, va}?

SOLUTION

We row reduce the augmented matrix [ v; v | b], carrying h along as if it were a number.

1 203 [1 23] [1 2| 3
3|4 |Z—==%|0 -1 |2 [=Z=— -1 | -2
-1 1 |nh -1 1 |h 0 3| h+3
1 2| 3
R3—R3+3 Ry
Sl o -1 | -2
0 0| h-3

The last row is the equation O = h — 3. If h # 3 this is impossible and the system has no
solutions, so b is not in the span. If h = 3 the last row is O = 0 and the system is consistent.

So b is in Span{vi, va} exactly when h = 3. m|

2. For that value of h, write b as a linear combination of v and vs.

SOLUTION
With h = 3, the second row says —x3 = —2, so x = 2, and the first row says xj + 2x3 = 3,
so x1 = —1. Therefore

b= —v1 + 2U2,

and indeed —(1,2,-1) + 2(2,3,1) = (3,4,3). Geometrically, Span{vy,v2} is a plane
through the origin in R3, and the vectors (3, 4, h) form a vertical line that crosses the

plane at exactly one point. m]



