MATH 221 - FALL 2026
The Determinant Exists and Is Unique

The Question

In class we defined the determinant as follows.

DEFINITION 1
A determinant on n X n matrices is a function det that assigns a real number to each n x n matrix
and has the following two properties.

1. It is multiplicative: det(AB) = det(A) det(B) for all n x n matrices A and B.

2. If U is upper triangular, then det(U) = ujjusy - - - uny, is the product of its diagonal entries.

A definition like this raises two questions. Could there be two different functions with these properties?
And is there any function with these properties at all? Nothing we did in class rules out either
possibility: we only worked out what a determinant has to do if it exists. These notes answer both
questions.

THEOREM 2
For each n > 1 there is exactly one determinant on n X n matrices.

Uniqueness is the easier half, and the argument is the row reduction method we already use to
compute determinants. Existence takes more work: we have to write down a function and check that
it is multiplicative, which is not obvious for any formula. Along the way we show that the determinant
is linear in each row, and in the section on cofactor expansion we see that the existence proof also
gives the cofactor expansion along any row or column. The last section explains why property 2
could be weakened to a statement about diagonal matrices only.

Notation. All matrices have real entries. We write I for the identity matrix, ej, ..., e, for the standard
basis vectors of R" (written as rows or columns as needed), and E;; for the matrix with a 1 in position
(i, j) and O everywhere else. The elementary matrices are:

* (R; — cRy) Di(c), the identity matrix with its (i, i) entry replaced by c;
* (Ri >R + CR]') Tij(c) =1+ cEj; fori+ 7s

* (R; & Rj) S;j, the identity matrix with rows i and j swapped, for i # j.

Multiplying A on the left by one of these performs a row operation: D;(c)A multiplies row i by c,
T;j(c)A adds c times row j to row i, and S;;A swaps rows i and j. Multiplying on the right performs a



column operation: AD;(c) multiplies column i by ¢, AT;j(c) adds c times column i to column j, and
AS;;j swaps columns i and j. In row reduction we only scale by ¢ # 0, but it will be convenient to allow
D;(0) as well.

Uniqueness

Throughout this section, det is any function on n x n matrices with properties 1 and 2. In class we
deduced the following facts from those two properties alone, and we will use them freely.

PROPOSITION 3 (Proved in class)
Let det be a function on n x n matrices with properties 1 and 2.

1. det(I) = 1. If P is invertible, then det(P~1) = 1/det(P), and hence det(PAP~!) = det(A)
for every A.

2. If L is lower triangular, then det(L) is the product of its diagonal entries.

3. det(Dj(c)) = ¢, det(T;j(c)) = 1, and det(S;;) = —1. So scaling a row or a column by ¢
multiplies the determinant by ¢, adding a multiple of one row to another (or one column
to another) does not change it, and swapping two rows (or two columns) multiplies it by
-1.

4. An upper triangular matrix is invertible if and only if all of its diagonal entries are nonzero.

5. det(A) # 0if and only if A is invertible. In particular, if the rows of A are linearly dependent,
for example if two rows are equal, then det(A) = 0.

6. det(AT) = det(A).

THEOREM 4 (Uniqueness)
There is at most one determinant on n X n matrices.

PROOF

Let A be an nxn matrix. Row reduce A to an echelon form U. Each row operation is multiplication
on the left by an elementary matrix, so

Ey---E2E1A=U

for some elementary matrices E1, . . ., Ex. Since A is square, its echelon form U is upper triangular.
Using properties 1 and 2 we get,

det(Ey) - - - det(E1) det(A) = det(U) = uq1 - - - upn.



PROOF (CONTINUED)

By part 3 of Proposition 3, each det(E;) is a specific number: ¢ # O for a scaling by ¢, 1 for a
replacement, and —1 for a swap. None of them is 0, so we can divide:

_ Uiiu22 - - Unn -
A = det(E1) det(Ea) - - - det(Ex) | )

The right side depends only on A and the row operations we chose, not on which determinant
function we are using. So if two functions both have properties 1 and 2, they give the same
value at every A. O

Remark (Why (*) does not prove existence). Formula (x) is the row reduction method from class,
so it is tempting to take it as the definition of det(A) and conclude that a determinant exists. The
trouble is that (x) depends on choices. A matrix can be row reduced in many different ways, and
different choices give different elementary matrices E; and different echelon forms U. For example,

we can reduce
2 4
A=)

with the single replacement Ry — Rz — R, which gives U = [2 1] and the value 2-1/1 = 2. Or we
can swap the rows and then do Ry — Ry —2R1, which gives U = [} >, | and the value 1-(-2)/(-1) = 2.
The answers agree, but nothing in the proof of Theorem 4 explains why. That proof only shows that
if a determinant exists, then every choice must give its value. So to use (x) as a definition, we would
first have to prove directly that every way of row reducing A gives the same number, and then check
that the resulting function is multiplicative. The first of these is hard to prove directly. The Existence
section avoids it by building the determinant another way. Once that is done, Theorem 4 shows that

every row reduction gives the same answer.

Linearity in Rows

In this section we prove one more consequence of the definition, which we need both to construct
the determinant and to derive the cofactor expansion. It is not at all obvious from properties 1 and 2,
which never mention adding matrices.

PROPOSITION 5 (Linearity in each row)
Fix a row index i and fix all rows of an n X n matrix A except row i. For a vector x, let A(x) be
the matrix with the ith row of A replaced by x. Then the function x +— det(A(x)) is linear:

det(A(x + y)) =det(A(x)) + det(A(y)) and det(A(cx)) =cdet(A(x)).

Since det(AT) = det(A), the same is true for columns.



PROOF

Write ry for the kth row of A. We consider two cases.

If the n — 1 vectors r, with k # i are linearly dependent, then no matter what x is, the matrix
A(x) has linearly dependent rows, hence det(A(x)) = 0 by part 5 of Proposition 3. The zero
function is linear, so in this case we are done.

Otherwise the ry with k # i are n — 1 linearly independent vectors in R", hence one may find a
v such that v together with the r; form a basis of R". Every x € R" can be written uniquely as

X =cv + chrk,

k#i

and the coefficient ¢ = @(x) is a linear function of x (projection onto the vth coordinate is a
linear function). We compute det(A(x)) in two steps.

1. Show det(A(x)) = det(A(cv)). The matrix A(cv) has cv in row i and ry in every other row
k. For each k # i, perform the row replacement “add ¢ times row k to row i.” Each of these
operations only changes row i. After doing all of these steps, row i is cv + X j; ckl'k = X,
and every other row is still r¢. In other words, these row replacements turn A(cv) into
A(x). Row replacements do not change the determinant, so det(A(x)) = det(A(cv)).

2. Show det(A(cv)) = cdet(A(v)). The matrix A(cv) is A(v) with row i multiplied by c, that
is, A(cv) = D;i(c)A(v). Since D;(c) is diagonal, det(D;(c)) = ¢ by property 2, even when
¢ =0. So det(A(cv)) = cdet(A(v)) by property 1.

Putting the two steps together,
det(A(x)) = @(x) det(A(v)).

Here det(A(v)) is a fixed number that does not depend on x, and ¢ is linear, so x > det(A(x))
is linear. O



EXAMPLE 6
Take n = 2 and i = 1, with the second row fixed to be ro = (1,2). Then v = (1, 0) together with
ro is a basis of R?, and x = (x1, x2) can be written as

x = (x1 - $x2) (1,0) + 32 (1,2),

S0 @(x) = x1 — 3x2 and ¢z = 1x,. Step 1 says that adding 3x, times row 2 to row 1 turns

A(p(x)v) into A(x):

1 2

X1 — %XZ 0 R1—>R1+%X2R2
1 2

x1 Xz]

The row replacement does not change the determinant, and the first matrix is lower triangular,
o)
X1 X2

det1 5

] = (Xl—%XZ) -2:2x1—x2,

which is indeed a linear function of x, and agrees with the formula ad — bc.

Existence

To prove existence, we need to produce a function and check properties 1 and 2. Property 2 will be
easy to check for the function we write down. Property 1 is harder, and the following lemma does
most of the work. It describes the functions that behave like the determinant with respect to rows.

DEFINITION 7
A function f on n x n matrices is multilinear if it is linear in each row when the other rows are
fixed, as in Proposition 5. It is alternating if f(A) = 0 whenever two rows of A are equal.

For an elementary matrix E, let

¢ if E = Di(c),
d(E) :=1 1 if E=T(c),
-1 ifE =Sij-

Once we know that a determinant exists, d(E) = det(E) by part 3 of Proposition 3. But in this section
we are constructing the determinant on n X n matrices, so we cannot write det(E) yet.



LEMMA 8
Let f be a multilinear alternating function on n X n matrices.

1. If E is an elementary matrix, then
f(EA) =d(E)f(A).

2. If the rows of A are linearly dependent, then f(A) = 0.
3. If U is upper triangular, then f(U) = ujjuaz - - - upy f(I).

4. If g is another multilinear alternating function and g(I) = 1, then f(A) = f(I) g(A) for
every A.

PROOF

In this proof we only write the rows that change, so f(...,x,...,y,...) means f of a matrix
with x in row i, y in row j, and the other rows fixed.

Part 1. We show this case by case. Scaling is linearity in a row. Adding c times row j to row i
gives, by linearity in row i,

fC..,x+cy,ee s Y, =fC.,x, 0o, ¥, ) +cfo, Yooy Yy ) =fo X, 0, Y, n),

since the last matrix has two equal rows. For a swap, use linearity in rows i and j:

O=f(...,x+y,...,x+Y,...)
=fC..%. .. )+ f. .y, )+ Ly, ) LY Y, s)
=f(.x ... )+l Y, X)),

Part 2. 1f the rows are linearly dependent, then some row i is a linear combination };.; ckrx of
the others. By linearity in row i, f(A) = x4 ckf (Ax), Where Ay is A with row i replaced by ry.
Each Ay has two equal rows, so f(A) = 0.

Part 3. 1If some uy, = 0, then U is not invertible by part 4 of Proposition 3, so its rows are linearly
dependent and both sides are 0 by part 2. Otherwise, divide row i by u;; for each i, which
divides f by ui1 - - - uy, and leaves an upper triangular matrix with 1s on the diagonal. Its last
row is e,, and subtracting multiples of it from the rows above clears the rest of column n; then
row n — 1 is e,_1, and we clear the rest of column n — 1 the same way, and so on. These row
replacements turn the matrix into I without changing f. So f(I) = f(U)/(u11 - - - unn)-

Part 4. Row reduce A to an echelon form U by row operations Eq, ..., Ex, as in the proof of
Theorem 4. By parts 1 and 3,

d(Eg) ---d(E1) f(A) = f(U) =u11 -+~ unn f(I),

and the same with g in place of f, using g(I) = 1. So

_ W11 cUpp _
Fa) = 7B 1) = g(4) £ :



For an n X n matrix A with n > 2, let A;; be the (n — 1) x (n — 1) matrix obtained by deleting row i
and column j of A.

THEOREM 9 (Existence)
For each n > 1 there is a determinant on n X n matrices.

PROOF

We use induction on n. For n = 1, the function det [a| = a is multiplicative, and every 1 x 1
matrix is upper triangular with diagonal entry a.

Now let n > 2, and suppose that det,_; is a determinant on (n—1) X (n— 1) matrices. Everything
in the Uniqueness and Linearity in Rows sections applies to det,_;. For an n x n matrix A, define

n

A(A) = Z(_l)Hlail det,_1(Ai1) = ai1 det,—1(A11) — ag1 det,_1(A21) + - - - + a1 det,_1(An1).
=1

We will show that A has properties 1 and 2.
Property 2. If U is upper triangular, then the first column of U is ujje;, so only the i = 1 term
survives: A(U) = ujp det,_1(U11). The matrix Uy is upper triangular with diagonal entries
U292, . . ., Uny, SO A(U) = ujiugs - - - Uy, by property 2 for det,_;. In particular, A(I) = 1.
A is multilinear. Fix a row index k, and look at how each term of A(A) depends on row k of A
when the other rows are fixed. In the term i = k, the number ay; is a linear function of row k
(project to the first component), and Ax; does not involve row k at all. In a term with i # k, the
number a;; does not involve row k, and one row of A;; is row k of A with its first entry deleted,
which is a linear function of row k (project to the last n — 1 components). By Proposition 5 for
det,_1, the term is linear in row k. A linear combination of linear functions is linear.
A is alternating. First suppose that two adjacent rows of A are equal, say rows k and k + 1. For
i # k, k + 1, the matrix A;; still contains both of those rows, with their first entries deleted, so it
has two equal rows and det,,_1(A;1) = 0 by part 5 of Proposition 3. The two remaining terms
are

(-1)**ayq deto-1(Ax1) + (-1)*?ars1,1 dety_1(Axs1,).

Since rows k and k + 1 are equal, ax; = aix+1,1, and deleting row k leaves the same matrix
as deleting row k + 1, so Ax; = Ak+1,1- The signs are opposite, so the two terms cancel and
A(A) =0.

The swap computation in part 1 of Lemma 8 only used that f vanishes when the two rows
being swapped are equal. So the same computation shows that swapping two adjacent rows
multiplies A by —1. Now suppose rows k < [ of A are equal. Swap row [ with row [ — 1, then
with row [ — 2, and so on, until it sits directly below row k. Each swap multiplies A by —1, and
the result has two equal adjacent rows, so A of it is 0. Hence A(A) = 0.

Property 1. Fix an n X n matrix B. We must show that A(AB) = A(A)A(B) for every A. The
plan is to view both sides as functions of A and apply part 4 of Lemma 8, which says that a
multilinear alternating function is determined by its value at I. So define

F(A) = A(AB).



PROOF (CONTINUED)

We check that f is multilinear and alternating, and compute f(I).

First we need to know the rows of AB. Write a, ..., a, for the rows of A. The (k, j) entry of AB
is ); airbj, which is the jth entry of the row vector axB. So the rows of AB are a1B, a2B, . .., a,B.
In particular, row k of AB depends only on row k of A.

f is multilinear. Fix all rows of A except row k, and write A(x) for the matrix with x in row k.
By the computation above, A(x)B has xB in row k, and its other rows a;B do not depend on x.
The map x — xB is linear, because (x + y)B = xB + yB and (cx)B = c(xB). Combining this with
the linearity of A in row k, and writing only row k,

f(A(x+y))=A(...,xB+yB,...)=A(...,xB,...)+A(...,¥B,...) = f(A(x)) + f(A(y)),

and in the same way

f(A(cx)) =A(...,c(xB),...) =cA(...,xB,...) =cf(A(x)).

f is alternating. If rows k and [ of A are equal, then ax = a;, s0 axB = a;B, and rows k and [ of
AB are equal. Since A is alternating, f(A) = A(AB) = 0.

The value at 1. f(I) = A(IB) = A(B).

Conclusion. We showed above that A is multilinear and alternating with A(I) = 1. So part 4 of
Lemma 8 applies, with f as above and g = A, and gives

A(AB) = f(A) = f(I) A(A) = A(B)A(A) = A(A)A(B).

So A is a determinant on n X n matrices, which completes the induction.

It may help to see what part 4 of the lemma is doing here. For an elementary matrix E we
have (EA)B = E(AB), so a row operation on A performs the same row operation on AB, and by
part 1 of the lemma it multiplies A(A) and A(AB) by the same factor. So we may row reduce
A to an upper triangular matrix U without changing whether A(AB) = A(A)A(B) holds. That
leaves the case A = U, which part 3 of the lemma handles: both A(UB) and A(U)A(B) equal
uiq - - - Upp A(B). O

Theorems 4 and 9 together prove Theorem 2. From now on, det means the unique determinant, on
matrices of whatever size is under discussion. By uniqueness, the function A in the proof is det. So
the proof shows that det(A) can be computed by cofactor expansion along the first column. In the
next section we show that any row or column works.

Remark. Another way to prove existence is with an explicit formula for the determinant as an
alternating sum of n! terms, one for each way to choose one entry from each row and each column.
That approach requires us to first define the sign of a permutation and establish some of its properties.
This requires some digression into groups and homomorphisms. That’s another can of worms. But
once you've learned those topics, it provides an alternative, more direct route to existence.



Cofactor expansion

DEFINITION 10
Let A be an n x n matrix with n > 2. The (i, j) cofactor of A is C;; = (—1)"*/ det(A;j), where A;; is
A with row i and column j deleted.

THEOREM 11 (Cofactor expansion)
Let A be an n x n matrix with n > 2. For any row i,

det(A) = ai1Ci1 + ai2Ci2 + - - - + ainCin,

and for any column j,
det(A) = a1;C1; + azjCaj + - - - + AnjChj.

Remark (Proof of Theorem 11). The proof of Theorem 9 already does most of the work. Since
A = det, it gives the expansion along the first column. For another column j, consider

n
A]’(A) = Z(—l)lﬂaij det(Aij) = aljclj + asz'zj R ananj.
i=1
The arguments in the proof of Theorem 9 that A is multilinear and alternating work just as well with

column j in place of column 1, so A; is multilinear and alternating too. (When rows k and k + 1 are
equal, the two terms that survive have signs (-1)**/ and (-1)**!*/, which are still opposite.)

The one step that does not carry over word for word is property 2. For an upper triangular U, column
j of U can have nonzero entries uy;, ..., ujj, so A;j(U) is no longer a single term. (The extra terms do
vanish: for i < j, the matrix U;; is upper triangular with a 0 in position (i, i).) But we do not need
property 2 for Aj, only its value at I. Column j of I is ej, so Aj(I) = (-1)*/ - 1 - det(I,—1) = 1. The
determinant is multilinear by Proposition 5 and alternating by part 5 of Proposition 3, with det(I) = 1.
So part 4 of Lemma 8, with f = A; and g = det, gives Aj(A) = Aj(I) det(A) = det(A), which is the
expansion along column j.

For rows, apply the column expansion to AT along column i. Column i of AT has entries a;, . . ., i,
and deleting row j and column i of A" gives (A;;), which has the same determinant as A;;. So

det(A) = det(AT) = Z aij(—l)j+i det((Aij)T) = Z a;;Cij.

j=1 j=1

Diagonal matrices are enough

Property 2 of Definition 1 can be replaced by the weaker property
2’. If A is diagonal, then det(A) = aj1az2 - - - dpy-

9



That is, a function with properties 1 and 2’ automatically has property 2, so it is the determinant.
Diagonal matrices are upper triangular, so property 2 implies 2’, and the two definitions describe the
same function.

The idea is that multiplicativity forces det(T;;(c)) = 1, because T;;(c) is similar to T;j(2c) = T;j(c)>.
Then every upper triangular matrix with nonzero diagonal is a diagonal matrix times a product of
such matrices.

PROOF

Let det be a function with properties 1 and 2’. Since I is diagonal, det(I) = 1, and the argument
from class still works: if P is invertible, then det(P) det(P~1) = det(I) = 1, so det(P) # 0 and
det(PAP™!) = det(P) det(A) det(P~!) = det(A).

Step 1: det(Tij(c)) = 1 fori # j. First, Tij(a)Tij(b) =+ aEi]’)(I + bEij) =1+ (a+ b)Eij =
T;j(a +b), because E;;E;; = 0 when i # j. In particular, T;;(c) is invertible with inverse T;;(—c), so
det(T;j(c)) # 0. Next, let P = D;(2), which is invertible with inverse D;(1/2). Multiplying E;; on
the left by P doubles row i, and multiplying on the right by P~! halves column i, which is zero
in E;j; so PE;;P~! = 2E;;. Hence PT;j(c)P~! =1 + 2cE;; = T;j(2c), so by the similarity fact above

det(Ti]-(c)) = det(Tij(Zc)) = det(Tij(c)Tij(c)) = det(Tij(c))z.

A nonzero number t with t = t? must be 1.

Step 2: upper triangular matrices with nonzero diagonal. Let U be upper triangular with every
u;; # 0, and let A be the diagonal matrix with diagonal entries u11, ..., us,. Then N = AU
is upper triangular with 1s on the diagonal. Subtracting multiples of row n to clear column
n above the diagonal, then multiples of row n — 1 to clear column n — 1, and so on, reduces
N to I by row replacements alone, so F, ---F1N = I for some matrices F; of the form T;;(c).
Then N = F;!---F,!, and each F;! is also of the form Tj;(c), so det(N) = 1 by Step 1. So
det(U) = det(A) det(N) = u1j - - - uy, by property 2.

Step 3: upper triangular matrices with a zero on the diagonal. Let U be upper triangular, and
let k be the first index with uz, = 0. We must show that det(U) = 0. The first k — 1 columns
of U, cut off after row k — 1, form an upper triangular (k — 1) x (k — 1) matrix with nonzero
diagonal, which is invertible by part 4 of Proposition 3. Below row k — 1, these columns are
zero, and so is column k, because uy, = 0. So column k is a linear combination of columns
1,...,k—1. Subtracting that combination from column k is a sequence of column replacements,
that is, multiplication on the right by matrices of the form T;;(c), which does not change the
determinant by Step 1. The result is a matrix U’ whose column k is zero. Then U’ = U’ D (0),
since multiplying by Dy (0) on the right only zeroes out column k, so

det(U) = det(U") = det(U”) det(Dx(0)) = det(U’) - 0 = 0.

(If k =1, column 1 of U is already zero, and we can take U’ =U.)
Steps 2 and 3 together give property 2. m]
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